After dimensional reduction to three dimensions, the lowest order effective actions for pure gravity, M-theory and the Bosonic string admit an enhanced symmetry group. In this paper we initiate study of how this enhancement is affected by the inclusion of higher derivative terms. In particular we show that the coefficients of the scalar fields associated to the Cartan subalgebra are given by weights of the enhanced symmetry group. 
Introduction
Classical supergravity actions have played a central role in theoretical high energy physics and string theory in particular. One unexpected development was the realization that these theories lead to enhanced symmetries when dimensionally reduced on a torus. This phenomenon was first observed in the dimensional reduction of four-dimensional Einstein gravity to three dimensions where the resulting theory was found to have an SL(2) symmetry [1] . More generally, gravity reduced to three dimensions on an n-torus leads to a theory with an SL(n+1) symmetry. The SL(n) part of this symmetry is just the diffeomorphisms of the higher dimensional theory that are unbroken by the torus. The enhancement to SL(n + 1) only arises when one dualizes the rank two field strength of the graviphotons (the components of the metric that have an internal and space-time index) to obtain scalars in three dimensions. These scalars, together with those which arise directly from the metric, form a non-linear realization of SL(n + 1) with local subalgebra SO(n + 1).
The dimensional reduction of eleven dimensional supergravity, or the type II supergravities, on a torus to four and three dimensions leads to a E 7 [2] and E 8 [3] symmetry respectively. Furthermore, the effective theory associated with the Bosonic string, which consists of gravity, a scalar and a rank two gauge field, when dimensional reduced on a n torus to three dimensions leads to an O(n + 1, n + 1) symmetry.
The dimensional reduction to three dimensions is special in that it is the first dimension in which all fields of the original theory become scalars after the appropriate dualizations 3 . Thus the resulting theory only consists of scalars and, for all the theories mentioned above, is a non-linear realization of a group G with local sub-algebra H. Since the action is only second order in space-time derivatives it is given by
where g ∈ G and D µ is the H-covariant derivative. This action has the manifest symmetry g → g 0 gh where g 0 ∈ G is a constant transformation, (i.e. rigid transformation) and h ∈ H is local. In fact in all the above cases the local subalgebra H is the just the subalgebra of G that is invariant under the Cartan involution. A generic theory, when dimensionally reduced, will not possess an enhanced symmetry algebra and so will not be expressible as a non-linear realization of the above form. Indeed, it requires a very precise field content with corresponding couplings to find such a symmetry [4, 5] .
To show that the theories mentioned above, when dimensionally reduced to three dimensions, have the action of equation (1) is in general quite technically complicated. However, the above action has a particularly characteristic expression. Taking account of the local transformations the group element may be chosen to be g = e α>0 χαEα e
where H and E α are the Cartan subalgebra and positive root generators of G respectively. One then finds that the coset part of the action has the form
where the ellipsis denotes higher order terms in χ α . Note that the roots of the algebra G show up as vectors that occur in the exponentials that multiply the kinetic fields χ α . These fields arise from the off-diagonal metric components and the full effective action can be complicated to evaluate exactly. On the other hand the fields φ arise from the diagonal components of the metric (and dilaton if present) and their role in the dimensional reduction procedure is relatively easy to follow. As such it is straightforward to find out in which theories the roots of an algebra arise and in addition what algebra they belong to. The IIA [6, 7, 8] and IIB [9, 10, 11] supergravity theories are the complete low energy effective actions for the IIA and IIB superstring theories. As a result, much of our understanding of non-perturbative effects of string theory has been derived from these theories. These theories are now believed to be different perturbative descriptions of M-theory and their dimensional reduction can be obtained considering the reduction of eleven-dimensional supergravity [12] .
Part of the symmetries that occur in the dimensional reduction are Tdualities [13, 14, 15] , which have been shown to be a symmetry of string theory at all orders of perturbation theory. However, all the symmetries found in the dimensional reduction of the supergravity theories, or more precisely a discrete subgroup thereof, have been conjectured to be symmetries of string theory and called U-duality [16] . In fact U-dualities can generated by T-duality together with a discrete version of the SL(2) symmetry of IIB supergravity [9] .
It has been conjectured that M-theory possess an infinite dimensional Kac-Moody symmetry, traces of which can be found in the type II supergravity theories [17] . In particular, one should consider the non-linear realization of E 11 with the local subalgebra being the Cartan involution invariant subalgebra. From this viewpoint, the symmetries that arise upon dimensional reduction are not accidents of dimensional reduction, as is commonly believed, but are remnants of the symmetries that occur in the E 11 non-linearly realized theory before dimensional reduction. A related approach [18] , which shares some similar ideas, is based on E 10 , a subalgebra of E 11 . The difference in approach can be traced to the discovery of "cosmological billiards", or BKL behavior, that occurs when eleven-dimensional supergravity is considered in the region of a space-like singularity [19] . In a recent paper [20] higher derivative terms were also considered within the context of the BKL limit and it was found that the higher derivative terms thought to occur in M-theory lead to the appearance of roots of E 10 in the resulting cosmological billiards. However, it has been suggested that these should be thought of as weights and furthermore weights should also arise when considering the BKL limit of higher derivative terms in pure gravity [21] .
Much of the discussion of these symmetries has been in the context of the lowest order, two derivative, effective action. An exception is [22] which considers how T-duality is altered by the leading order higher derivative corrections, although it does not consider the enhancement that occurs in three dimensions. Indeed to the best of our knowledge there has been little or no discussion as to whether or not the enhanced symmetries that occur in the dimensional reduction of the low energy effective actions extend to the higher derivative corrections. Therefore in this paper we begin a systematic study how the enhanced symmetry is affected by higher derivative terms.
In general higher derivative corrections are very complicated and only some specific terms are known [23] - [42] . Hence the subject is not sufficiently advanced at this stage to determine whether or not the higher derivative terms, once dimensionally reduced to three dimensions, possess an enhanced non-linearly realized symmetry. However, for the generic higher derivative terms it is possible to derive the dependence of the diagonal components of the metric (and dilaton if present) in the dimensional reduction to three dimensions and then read off their coefficients. These coefficients form a constant vector. As explained above for the low energy effective action at lowest order in derivatives, one finds the roots of the enhanced symmetry algebra.
In this paper we will show that for gravity, M-theory and the Bosonic string one finds weights of the enhanced symmetry algebra, but only for certain classes of higher derivative terms. For higher derivative terms outside these classes the vectors that arise have no apparent interpretation in terms of objects associated with the algebra. However the class of higher derivative terms for which weights arise are just those that are expected on the basis of string theory arguments. Demanding the appearance of weights can therefore be used to predict the correct class of higher derivative terms. The appearance of weights provides strong evidence for some enhanced symmetry structure in the higher derivative terms. On the other hand, the appearance of weights, as opposed to roots, is intriguing as the Cartan forms that are usually used to construct actions for non-linearly realized theories only contain the roots.
The rest of this paper is organized as follows. In section two we consider the case of pure gravity and recall the derivation of the SL(n + 1) symmetry for the reduction of gravity on an n torus to three dimensions. We then introduce in detail a new technique for deriving the dependence of the higher order effective action on the diagonal components of the metric, (i.e. the fields associated with the Cartan subalgebra). We then show that higher derivative terms lead to weights of the extended SL(n + 1) symmetry appearing as the coefficients of the scalar fields which form the diagonal components of the internal metric. In the section three we repeat this analysis for M-theory. Here we find that the weights of E 8 appear only if the higher derivative terms have the form (R)
2k+1 , for k = 0, 1, 2, ..., as is expected from quantum string calculations. In section four we consider the Bosonic string and our analysis shows that the weights of O(n + 1, n + 1) appear only if the terms have a particular power of the dilaton which in turn corresponds to a particular genus contribution of a perturbative string calculation. The paper contains also three appendices which discuss technical details that are used through the main text. In particular the first gives details of the dimensional reduction, the second recalls some facts about non-linear realizations and the third some of the required theory of group representations.
Pure Gravity
In this section we will discuss pure gravity, compactified on and n-torus from D-dimensions to 3-dimensions. Our main motivation is to develop the techniques that we will use later. We start with the dimensional reduction of the pure gravitational action
where we use a hat to denote D-dimensional quantities. We write the Ddimensional metric as
and we refer the reader to Appendix A for details of our conventions and various formulae. Following these calculations we find that the EinsteinHilbert action, dimensionally reduced to three dimensions in Einstein frame,
is the symmetric part of e k i
∂ µ e j k where e j i is the vielbein for the internal metric G ij and an over-line denotes a tangent frame index.
Here we see that the action has a manifest SL(n)/SO(n) symmetry that acts on the internal vielbein and rotates the graviphotons (we refer the reader to Appendix B for a review of G/H coset Lagrangians). In particular the action of SL(n) corresponds to diffeomorphisms that preserve the torus whereas the SO(n) generates local tangent frame rotations.
But wait there's more! To see this we can add the Lagrange multiplier term associated to the Bianchi identity of the graviphotons
We can then integrate out F i µν and arrive at a purely scalar Lagrangian
Let us consider the n + 1-dimensional vielbeiñ
e αρ e αρ χ i 0 e −αρ/n e j i (9) where I, J = 0, ..., n. The symmetric part of e
Therefore we havẽ
Hence, after dualization, the dimensionally reduced action can be written as
This action is three-dimensional gravity coupled to an SL(n + 1)/SO(n + 1) coset, . i.e. a non-linear realization of SL(n+1) with local subgroup SO(n+ 1). Let us return to the dualized Lagrangian (8) . We have already demonstrated that this Lagrangian can in fact be written as an SL(n+1)/SO(n+1) coset Lagrangian in termsẽ J I . However we now wish to explain a simple procedure for identifying the enhancement of SL(n) to SL(n+1) that will be important for analyzing the more complicated higher derivative terms that are the main subject of this paper.
The dualized Lagrangian (8) has a manifest SL(n) symmetry. The vielbein e i j of the internal torus plays the role of the SL(n) group element with local SO(n) symmetry. As outlined in appendix B, this leads to the Cartan forms of SL(n) out of which the Tr(S µ S µ ) term in the action is constructed. As such, we may write the vielbein as
where H and E α are the Cartan sub-algebra and positive root generators of SL(n) respectively. When evaluating the Cartan forms it does not matter what representation of these generators we take as the calculation only depends on the structure constants of the Lie algebra. However, to recover the vielbein we need to consider the representation of SL(n) that has highest weight λ n−1 and also, as explained in appendix C, its dual which is a representation with highest weight λ 1 . If we choose as our basis of states of this latter representation as < j, λ 1 |, j = 1, ..., n, then the vielbein on the torus is given by
where U is the representation. We observe that (see equation (109) in appendix C) this object transforms only under local rotations. Taking into account the transformation of the basis vectors, one sees that the vielbein transforms under local rotations on its upper over-lined index and rigid SL(n) transformations in the vector representation on its lower index. The metric on the torus is then given by
where, as before, M = ee # . Here the kets transform under the Cartan twisted λ n−1 representation, which is the λ 1 representation. Similarly we find that the inverse metric is given by taking the SL(n) representation with highest weight λ n−1
As explained in appendix C, we should take the bras to be the dual of the Cartan twisted λ n−1 representation, which is simply the λ n−1 representation. Our goal here is to identify how the SL(n + 1) roots arise in (8) from a more abstract point of view, which will generalize to the more complicated terms that occur in the higher derivative corrections. The main term in the action, apart from the usual coset action for SL(n), is G ij ∂ µ χ i ∂ µ χ j which arises from the dual graviphotons. We will now see how this term leads to the enhanced SL(n + 1) symmetry. In particular we wish to show how the positive roots of SL(n + 1), which are not roots of SL(n), arise from this term.
To proceed it is helpful to introduce different notations for n and (n + 1) dimensional vectors which arise in SL(n) and SL(n + 1) respectively. We will denote the former using a bar and the later using an arrow. In particular we will write
The roots α of SL(n) that appear in S µ can be lifted to roots of SL(n + 1) simply by taking
To evaluate ∂ µ χ i G ij ∂ µ χ j we note that ∂ µ χ i transforms as a vector under the manifest SL(n) symmetry that is in the representation with highest weight λ 1 . As explained in appendix C, we may write this term as
In carrying out this step we have expressed |χ > in terms of the basis states of the λ 1 representation, that is |χ >= i |i, λ 1 >. Also as we are only interested in the group theoretic structure of this term we have suppressed the presence of space-time derivatives and other unimportant factors. We have that
and hence
< w| e
where [λ 1 ] denotes the class of weights that appear in the representation whose highest weight is λ 1 and the ellipsis denotes χ α -dependent terms which also have exponentials containing the above weights. We have used a basis for the representation that consist of states which are eigenstates of H, that is are labeled by the weights of the λ 1 representation of SL(n).
We are interested in the vectors that occur together with φ in the exponential in the
where [λ 1 ] denotes all the weights that occur in the SL(n) representation with highest weight λ 1 . In particular these are of the form of λ 1 minus a particular set of positive roots of SL(n). As explained in appendix C, the fundamental representation of SL(n) with highest weight λ n−k and lowest weight µ n−k is related to the fundamental representation with highest weight
consists of the root string beginning with λ 1 and ending with −λ n−1 . In the action of (8) we find the roots of SL(n) as the coefficients of φ in the exponentials form the T r(S µ S µ ) term. We also find the above set of vectors which arise from the
The simplest way to realize that we just have the set of positive roots of SL(n + 1) is to consider taking the lowest weight for [λ 1 ] in (21) i.e replace [λ 1 ] with −λ n−1 . This is just the vector
whose scalar products are
Here we recognize the Cartan matrix of SL(n + 1). We note that this root "attaches" itself to the (n − 1)th node of the SL(n) Dynkin diagram. Thus the simple roots of SL(n + 1) are given by
It is straightforward to see that the other vectors in (21) are positive integer combinations of the above simple roots since, when selecting α n , we took the lowest weight vector in the SL(n) representation. Therefore by construction all other vectors are obtained from this one by the addition of the positive roots α a of SL(n).
We observe that the fundamental weights λ a of SL(n+1) can be expressed in terms of the fundamental weights λ a of SL(n) by [43] 
Taking the above expression for the roots of SL(n + 1) it is easy to verify that these obey the equation
a . In summary we have observed that, by looking for roots in the exponential terms, we can see an enhanced SL(n + 1)/SO(n + 1) coset structure in the dimensional reduction of the gravity when suitably dualized. This is an old result, but our purpose in this section has been to introduce a new technique for deriving this result that will prove very effective when analyzing the very complicated higher derivative terms.
Higher Derivative Corrections
Let us now turn our attention to an effective action for gravity that includes higher derivative terms. One might have hoped that, after compactification to three dimension and dualization, the higher order terms can be written entirely in terms of the enhanced SL(n + 1)/SO(n + 1) coset Cartan form S µ . However this cannot be the case. To see this we note that the form of the curvature components shows that a generic higher derivative term will be proportional to e (2−l)αρ where l counts the number of derivatives. At the lowest order l = 2 and this factor disappears, essentially because we are in Einstein frame. At a general order l the action has the form
where we have suppressed the possible combinations of Lorentz indices that can appear. Upon compactification this will lead to terms of the form e (2−l)αρ (S µ S µ ) l with l > 2 and these cannot be written in terms ofS µ alone since the roots that appear in the latter, which contain ρ contributions, also come with ∂χ-type terms and hence are higher order in derivatives.
Therefore, sinceS µ is determined entirely by the roots of SL(n+1), when we evaluate the higher derivative terms we do not expect to find only the roots of SL(n+1) appearing in the exponential terms, as we did for the lowest order terms. Arguably the next best thing is to hope that the exponential terms will involve the weights of SL(n + 1). Indeed we will now show that this is the case.
In this paper we will assume that the higher derivative corrections only involve first order derivatives. The inclusion of higher order derivative terms would complicate the dualization of vector fields into scalars. However one could proceed by simply using the first order dualization prescription. This would neglect many higher order contributions but would be correct at the next to leading order. However we will not explore these possibilities here. But we believe that this will also lead to weights.
From the expressions in the appendix ones see that the higher derivative action, once compactified to three dimensions, will take the form
where we have suppressed all Lorentz indices and dependence on the threedimensional metric for simplicity. Next we dualize this Lagrangian by adding the Lagrange multiplier term
Integrating the Lagrange multiplier term by parts and solving for F i one finds
Substituting this back into the action leads to
From this we see that a generic higher derivative term (26) of order l will lead to three-dimensional terms of the form
where the order is l = 2r + 2s + 2t (32) We have used that fact that only even powers of ∂ρ, S and ∂χ i can appear. To see this we observe that since x i → −x i is a symmetry of the action we must have that A i µ → −A i µ is a symmetry and hence the dual action is an even function of ∂χ i . We also note that if e is a choice of internal vielbein, i.e. an n × n matrix with unit determinant, then so is e −1 . Therefore if S is a solution to the equations of motion so is −S and hence the action must be an even function of S. It then follows that the action must be an even function of ∂ρ since it must be even in derivatives.
We can now read off the vectors that appear in the exponentials of φ. Using appendix C, and the analysis of the previous section, we find the vectors
As above [λ] means the collection of weights that occur in the representation with highest weight λ. As a result we note that the subscripts (r, s, t) do not uniquely specify the vectors that arise. The highest weight for the adjoint representation is called θ and in particular, for SL(n), θ = λ 1 + λ n−1 . These contributions arise from the factors of S µ while those proportional to t arise from the graviphoton.
At order l = 2, so that one of (r, s, t) equals two with the others vanishing, we recover the roots α a , a = 1, .., n of SL(n + 1) that we considered above. More generally we may write the vector (33) as W r,s,t = W H r,s,t + negative roots of the SL(n) subalgebra (34) where
Recalling that θ = λ 1 + λ n−1 one can show that
It follows that the vectors that have arisen in the higher derivative terms belong to the weight lattice of SL(n + 1). We now wish to identify what representation of SL(n + 1) these weights belong to. The highest weight must be expressible as positive integers times the fundamental weights of SL(n + 1). Examining equation (36) ones see that we can only take r = s = 0 or r = 1, s = 0. Taking the former choice we claim that the highest weight is
To prove that this is indeed the highest weight of a representation we must show that this weight, minus any other weight, is a sum of positive roots. To this end we evaluate
+positive roots of the SL(n) subalgebra
Lastly we can show by direct computation that λ 1 + λ n and 2 λ n − λ n−1 have non-negative and integral innerproducts with the fundamental weights. This implies that they are positive roots. Therefore since λ H − W r,s,t is a sum of positive roots we conclude that λ H is indeed the highest weight.
In summary we have seen that the higher derivative corrections, which apparently cannot be written just in terms of an SL(n + 1)/SO(n + 1) coset, are still organized by SL(n + 1), in the sense that the weights of SL(n + 1) appear in the exponential. Thus our result shows evidence for an SL(n + 1) symmetry in a full theory of gravity and not just the low energy effective theory.
M-theory
Our final example is to consider the effective action of M-theory whose lowest order effective action is
where Gμν λρ is a closed 4-form and the ellipsis denotes a Chern-Simons term that will not play a role here. Since we are interested in compactifying this action on an eight-torus our discussion also applies to the type II superstring theories. Note that here D = 11 and we wish to reduce to three-dimensions so that n = 8 and hence α = 2/3. Upon dimensional reduction to three-dimensions the 4-formĜ leads to two the dynamical fieldŝ
Therefore, using the results for pure gravity, a generic higher derivative term, one reduced to three dimensions, will be of the form
Just as before we must introduce Lagrange multipliers for the two types of 2-form fields strengths
where F i µν are the graviphoton field strengths. Integrating the Lagrange multiplier terms by parts and solving for F i and F ij one finds 
Therefore the dual Lagrangian takes the form 
where the order is l = 2r + 2s + 2t + 2p 1 + 2p 2 .
The vectors that we encounter will be 8-dimensional so we take
and in this way we find 
respectively. The discussion that we had for pure gravity still applies except that we must change the representation that the fields transform under. In the former case, since χ ijk transforms in the 3-fold anti-symmetric representation we find the weights [λ 3 ] of this representation. For ∂ µ χ ij G ik G jl ∂ µ χ kl one first notes that the ǫ ijklmnpq symbol can be used to lower the indices so that χ klmnpq = ǫ ijklnmpq χ ij transforms in the 6-fold anti-symmetric representation. Hence it appears with the weights [λ 6 ]. At lowest order l = 2 and the action is given by (39) . Upon dimensional reduction and dualization the vectors that appear are
where we have used the fact that n = 8. The first line just consists of the roots of SL(n) whereas the second line gives the same roots that we saw for pure gravity and which enhance SL(n) to SL(n + 1) however this root is no longer simple in this case. In particular we consider the third line and take the lowest weight in the representation with weights [λ 3 ]
It is straightforward to see that α 8 · α 8 = 2 and α 8 · α 5 = −1 with the other innerproducts vanishing. The other choices of W 0,0,0,1,0 are obtained from α 8 by adding a positive root from SL(n) and hence these are positive but not simple roots. One also sees that none of the choices for W 0,0,0,0,1 and W 0,1,0,0,0 are simple Thus we have recovered the root diagram for E 8 . To summarize these roots are
The fundamental weights can be calculated to be
and hence one finds that
+negative roots of the SL (8) subalgebra (53) Therefore we see that the condition for W r,s,t,p 1 ,p 2 to be a weight is
for some g = 0, 1, 2, .... Thus the conjecture that the higher derivative terms involve the weights of E 8 implies that they can only come at orders l = 2, 8, 14, ..., i.e. R, R 4 ,R 7 .... This result is well known from quantum considerations of type IIA string theory however here we see that it is also a consequence of the existence of an enhanced coset structure arising in three dimensions.
Lastly we note that there is a separate argument for the condition that l = 6g + 2 based on the fact that the M-theory effective action is the lift to eleven dimensions of the type IIA effective action. In particular consider a higher derivative term in the M-theory effective action of the form
The type IIA metric, in string frame, is related to the 11-dimensional metric through
where Φ is the dilaton. Therefore, in ten-dimensions,
However from string perturbation theory we recall that g s = e Φ is the string coupling and that the action is an expansion in e 2(g−1)Φ with g = 0, 1, 2, .... Thus we see that −(8 − l)/3 = 2(g − 1) i.e. l = 6g + 2.
The Bosonic String
Our next example is the Bosonic String in D-dimensions. At lowest order in derivatives the effective action is
whereĤ is a closed 3-form and the scalar φ is related to the string theory dilaton Φ by φ = − 8/(D − 2)Φ. Since we will reduce to three-dimensions we will take n = D − 3 and hence 8/(D − 2) = 8/(n + 1). Upon dimensional reduction to three-dimensions the three formĤ leads to the dynamical fieldsĤ
A generic higher derivative term, one reduced to three-dimensions, will be of the form
(60) Before proceeding to dualize the electromagnetic field strengths as we did above we note that the most general higher derivative action will contain arbitrary exponentials of φ that multiply the electromagnetic field strengths. This complicates the dualization and we have been unable to find tractable formulae for the general term in this case, as we did for pure gravity and Mtheory. Therefore in this section we will simply use the dualization formulae that arise at the lowest order. In particular after reducing (58) to three dimensions we add the terms
where F i µν is the graviphoton field strength. Integrating out the field strengths F i and G i we find
In general these equations will be corrected by higher order terms. Therefore if we continue by substituting these lowest order expressions into the full effective action we will in fact be neglecting many additional terms. However the terms that we find in this manner would still be present even if we could somehow perform a complete treatment. Therefore we will proceed with the knowledge that our results only capture a subset of all the terms that appear. However we do not believe that our conclusions would be altered by a more complete treatment.
To continue we observe that a generic term in the effective action will be of the form 
After dualization, using the lowest order expressions (62) this term takes the form
where
and the order is l = 2r + 2s + 2t + 2q 1 + 2q 2 + 2v. Note that since we also have the a dependence on the dilaton the vectors that we find will have two additional entries as compared to the weights of SL(n). Therefore in this section we define
and hence with this notation we obtain
Once again [λ] represents any of the weights that appear in a representation whose highest weight is λ and θ = λ 1 + λ n−1 is the highest weight of the adjoint representation. We should comment on why 
where we have used the fact that at lowest order u = 0,
. In particular α a = 0, 0, α a a = 1, ..., n − 1
One can show that W 0,0,1,0,0 is not simple, i.e. it can be expressed as a linear combination of the α a a = 1, ..., n + 1 with integer coefficients. The roots α a a = 1, ..., n − 1 are those of SL(n). In addition we find α n and α n+1 . Each has length √ 2 and the only other non-vanishing innerproducts are α n · α n−2 = α n+1 · α 1 = −1. Thus we have recovered the simple roots of O(n + 1, n + 1).
To proceed we note that the fundamental weights are
It follows that
+negative roots of the SL(n) subalgebra (71) where
Thus we see that W r,s,t,q 1 ,q 2 will be a weight if and only if w n , w n+1 ∈ Z. We note that w n+1 is an integer if and only if w n is an integer so that we arrive at the condition
To illuminate the physical content of this condition we observe that the string metricĝ Ŝ µν is related to the Einstein metric throughĝ
ΦĝŜ µν
Φ. Thus in string frame the general term (63) comes from a term of the form
with
Such a term arises in string perturbation theory at genus g and hence we must identify g with a non-negative integer. Solving for u as a function of r, s, t, q 1 , q 2 , v and g we can substitute back into (73) and find
Thus the condition that we find weights of the enhanced coset is equivalent to the statement that the higher order terms arise from string perturbation theory on a genus g surface. We would like to comment on the nature of the terms that we have ignored by take the lowest order dualization formulae. Since the higher order corrections to the dualization formulae can be viewed as a power series in e 2Φ their inclusion will only lead to corrections in the dualized Lagrangian which are also a power series in e 2Φ . Thus we expect that they will also be consistent with the condition that the vectors that we obtain are weights of the O(n + 1, n + 1) symmetry if and only if they arise from a given order of string perturbation theory.
Conclusions
In this paper we have considered the higher derivative terms that arise for pure gravity, M-theory and the Bosonic string when dimensionally reduced to three dimensions. We have derived the general dependence of the terms in the effective action on the diagonal metric components (and dilaton when present) and shown that these are given by the weights of the enhanced symmetry group. More precisely the diagonal metric components are associated with the Cartan subalgebra of the symmetry group G whereas the off diagonal components give rise to scalars χ α that are associated to raising operators E α in the Lie algebra. For the lowest order term in the effective action this procedure leads to the positive roots and hence uniquely identifies the enhanced symmetry algebra.
In more detail we found that in the case of gravity, dimensionally reduced on a n-torus to three dimensions, all the higher derivative terms lead to the appearance of weights of SL(n + 1). For the M-theory we find that only higher derivative terms of the form R 3k+1 + . . . lead to weights of E 8 while other higher derivative terms the vectors that arise have no interpretation in terms of the E 8 Lie algebra. For the Bosonic string we found that the weights of O(n + 1, n + 1) occur only when the terms in the effective action can be identified as arising at a particular genus in the string perturbation expansion. Thus the higher derivative terms for which weights appear are just those that are expected based on arguments using the underlying string theory. Alternatively one could view the appearance of weights as a way of predicting which higher derivative terms should arise.
The appearance of weights for precisely for those higher derivative terms that are expected to arise from the underlying quantum theory provides strong evidence for the existence of some form of the enhanced symmetry in the fundamental theory. If we had found that the vectors contained within the higher derivative terms had no interpretation in terms of the symmetry algebra of the low energy effective action then one would be led to conclude that the U-duality conjectures [16] were incorrect. The same would apply to the E 11 conjecture [17] for the eleven dimensional theory as its dimensional reduction must possess the residual symmetry. Thus the appearance of weights can be seen as support for both of these conjectures. However, it might also tell us something about how one should think about of these conjectures beyond the low energy theory. Fortunately, in the analysis carried out in this paper one is discussing only a finite dimensional subalgebra of the full E 11 symmetry and so the questions raised by this paper may be easier to resolve.
We also note that the existence of the enhanced symmetry in three dimensions is responsible for the fact that, upon further dimensional reduction to two-dimensions, the symmetry of the lowest order effective action becomes infinite-dimensional (for example see [44, 45, 46, 47] ). Thus our results also support the conjectures that, at least in two-dimensions, the full quantum theory possess an infinite-dimensional symmetry. This paper has been somewhat phenomenological in nature. In particular we have observed a pattern in the higher derivative terms which is associated to the enhanced symmetry group. However we have not explained why this occurs. Therefore it is of interest to understand the meaning of our results and in particular demonstrate that the enhanced group really is a symmetry. The most naive expectation is that the higher derivative terms can be expressed in terms of the group element of the non-linear realization that appears at lowest order. However at first sight this would not seem to be the case. It could be that the enhanced symmetry does not act simply once higher derivative terms are included and in particular requires an order by order modification of the group action. It is also possible that the symmetry algebra becomes enlarged in the presence of the higher derivative terms to incorporate the new representations that arise. We hope to report on these points in the near future.
A vielbein frame for this compactification iŝ
where e ν µ and e i j are vielbein frames for g µν and G ij respectively. The spin connection iŝ
Here we have introduced 
We can now calculate the Riemann curvature terms to bê
From these expressions we find
To reduce to Einstein frame we require that
Finally we fix α by taking the standard normalization for the kinetic energy of a scalar field, γ 2 = 1/2. In this paper we are interested in taking d = 3 in which case these formulae simplify to
Appendix B
Let review some elementary facts about G/H cosets. We assume that G is a finite dimensional semi-simple Lie algebra. It consists of the elements H, which form the Cartan subalgebra, and E α subject to the relations
In this appendix we use an underline to denote quantities such as roots vectors, however, in the body of the paper such quantities have underlines only if they belong to manifest SL(n) symmetry associated with the torus reduction and arrows if they belong to the group associated to the enhanced coset symmetry. The roots α can be split into positive and negative roots, which we denote by α > 0 and α < 0 respectively. Such algebras admit the Cartan involution
where α > 0. This is a group automorphism and so obeys τ (g 1 g 2 ) = τ (g 1 )τ (g 2 ) for any two group elements g 1 and g 2 . This allows us to construct a generalized transpose A # = −τ (A). We then take H to be the sub-algebra invariant under the Cartan involution. It terms of the # operation it consist of the elements of the algebra for which A # = −A, or in terms of group elements those that obey h # = h −1 . We consider elements of the group which depend on space-time to transform as g → g 0 gh
where g 0 ∈ G is a rigid, that is constant group element and h ∈ H is spacetime dependent. Using this latter local invariance one can take an element g ∈ G to be of the form
To construct the dynamics it is useful to use the Cartan forms
up to higher order terms in χ α . Under the transformation (91) the Cartan forms transform as
Using the Cartan involution we can construct the objects
which transform as
Under the # operation we find that ω # µ = ω µ and S # µ = −S µ and hence they lie in the subalgebra H and its complement G − H respectively. The first such quantity is given by
We can then construct an invariant Lagrangian by taking
up to higher order terms in χ α .
There is an alternative way to construct the same Lagrangian. This time one starts with
Under g → g 0 gh we see that M → g 0 Mg # 0 since the action of # in the Lie algebra lifts to h # = h −1 for h ∈ H. Thus another possible invariant Lagrangian is
but in fact this is the same as (97). When G = SL(n), # is simply the transpose so that H = SO(n) and S µ is the symmetric part of g −1 ∂ µ g.
Appendix C
In this appendix we will give an account of certain aspects of the theory of group representations that are required in this paper. We recall that a representation R of a group G consists of a vector space V and a set of operators U(g), ∀g ∈ G which act on V , namely |ψ >→ U(g)|ψ > such that
We will take the algebra G to be a finite dimensional semi-simple and simply laced. The states in the representation can be chosen so as to be eigenstates of H. The eigenvalues being called the weights. It can be shown that the weights of G belong to the dual lattice to the lattice of roots, i.e. a weight w satisfies
for the simple roots α a . The representations of interest to us are finite dimensional and so must have a highest weight λ which is the one such that λ + α a is not a weight for all simple roots α a . The representations will also have a lowest root denoted µ. Of particular interest are the fundamental representations which are those whose highest weights λ a obey the relation
for all simple roots α a . The roots are themselves weights and these correspond to the adjoint representation, whose highest weight we will denote by θ. For SL(n), i.e. A n−1 , the fundamental weights λ a satisfy
for b ≥ a. The representation with highest weight λ n−k is realized on a tensor with k totally anti-symmetrized superscript indices, i.e.
Using the group invariant epsilon symbol ǫ i 1 ...in , this representation is equivalent to taking a tensor with n − k lowered indices.
Given any simple root one may carry out its Weyl reflection on any weight
The collection of all such reflections is called the Weyl group and it can be shown that any member of it can be written in terms of a product of Weyl reflections in the simple roots. Although the precise decomposition of a given element of the Weyl group is not unique its length is defined to be the smallest number of simple root reflections required. However, there does exist a unique Weyl reflection, denoted W 0 , that has the longest length. This element obeys W 2 0 = 1, takes the positive simple roots to negative simple roots and its length is the same as the number of positive roots. As a result, −W 0 exchanges the positive simple roots with each other and, as Weyl transformations preserve the scalar product, it must also preserve the Cartan matrix. Consequently, it must lead to an automorphism of the Dynkin diagram. Given any representation of G the highest and lowest weights are related by µ = W 0 λ
Given the definition of the fundamental weights and carrying out a Weyl transformation W 0 , we may conclude that the negative of the highest and lowest weights of a given fundamental representation are the lowest and highest representation of one of the other fundamental representations. It is always the case that the two representations have the same dimension. However it can happen that a fundamental representation is self-dual. For SL(n) W 0 = (S α 1 . . . S α n−1 )(S α 1 . . . S α n−2 ) . . . (S α 1 S α 2 )S α 1 and one finds that, in this case,
This result also follows from the above remarks on W 0 as it must take a fundamental representation to a fundamental representation and correspond to an automorphism of the Dynkin diagram which in this case is just takes the nodes k to n − k. Given a representation acting on |χ >∈ V we may consider the dual representation R D that is carried by the space of linear functionals, denoted V * , acting on V . The group action is defined by
We note that < χ D |χ > is G-invariant. Since the linear functionals carry a representation we may also choose a basis them that is labeled by the weights. It is easy to see that a linear functional with a weight w only has a non-zero result on a state with weight −w. A little further thought allows one to conclude that if the representation R has highest and lowest weight λ and µ respectively then the dual representation has a highest weight −µ and lowest weight −λ. Indeed the dual representation has the same dimension as the original representation. For the case of SL(n), i.e. A n−1 , if the representation R is the fundamental representation with highest weight λ k then it follows from equation (106) that the dual representation is the fundamental representation with highest weight λ n−k . Thus the representations carried by T i 1 ...i (n−k) is dual to the representation carried by T i 1 ...i k or in that latter case carried by T i 1 ...i (n−k) as might be expected.
Given the representation R and any automorphism of the group τ (i.e. τ (g 1 g 2 ) = τ (g 1 )τ (g 2 )) we may also define a twisted representation R T on the same vector space V by |φ T >→ U(τ (g))|φ T > ∀g ∈ G, |φ T > ∈ V
The case of interest to us in this paper is when we take the automorphism to be the Cartan involution which we also denoted by τ . It is easy to see that if the representation R has highest and lowest weight λ and µ respectively then the dual representation has a highest weight −µ and lowest weight −λ and so the twisted representation is isomorphic to the dual representation.
In the first systematic account of the theory of non-linear realizations [48] it was explained that one can convert a linear realization into a non-linear realization. In particular, given a non-linear realization with group element g which transforms as g → g 0 gh and any linear representation R we find that
We now want to generalize this construction to the situation we will encounter in this paper. Given the dual representation R D (106) we find that
and if we take the Cartan twisted representation of equation (106) then
It follows that if we consider any representation |χ >, then < χ D |U(gg # )|χ T > is inert under local and rigid transformations. In this latter expression |χ T > and < χ D | are the Cartan twisted and dual representations derived from |χ > respectively. We note that the twisted and dual representations are actually isomorphic to each other. As we have seen, this quantity plays a central role in this paper. Similarly one can show that
where M = gg # , is invariant under local and rigid transformations. We note that the two representations appearing in equation (111) are isomorphic. If we take as a basis of this representation to be given by the states |I, λ > we may write |χ > as |χ >= I χ I |I, λ >, and similarly for < (χ T ) D | then the above expression becomes
Indeed, if we consider the group to be SL(n) and take |χ > to be the representation with highest weight λ 1 , that is in the vector representation, then < (χ T ) D | is also an SL(n) vector. As a result, we find that
as in this case g IJ =< I, λ 1 |U(M −1 )|J, λ 1 > is the metric on the torus as we have shown in section 2.
